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Abstract

We show that for a finite group G, the G-category SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q of rational genuine G-spectra is parametrized
semiadditive, in the sense of Cnossen–Lenz–Linskens, for morphisms of genuine G-spaces whose fixed
point maps have π-finite fibers. In particular, this means that the canonical norm map between a colimit
and a limit of rational genuine G-spectra indexed by such G-spaces is an equivalence. This extends
the Wirthmüller isomorphism from G-orbits to a broader class of G-spaces and combines the theory of
ambidexterity of Hopkins and Lurie with parametrized category theory.
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1 Introduction

It is well known that for a finite group G and a G-representation V over Q, there is a canonical isomorphism

NmG : V/G
≃−→ V G

between the G-coinvariants and the G-invariants given by [v] 7→
∑

g gv. If E is a rational spectrum with the
action of a finite group G, one can deduce from the above equivalence that the canonical norm map

NmG : EhG
≃−→ EhG ∈ SpQ

is an equivalence. Here, EhG denotes the homotopy orbits and EhG the homotopy fixed points.
There are several directions in which this result can be generalized. One possible direction is to increase

the chromatic height. For this denote by K(n) the Morava K-theory of height n, where K(0) = Q, by T (n) a
telescope on a vn-self map of some type n finite spectrum. Recall that a space is called n-finite (n ≥ −2) if it
is n-truncated, has finitely many connected components, and all its homotopy groups are finite. It is called
π-finite if it is n-finite for some n, see [HL13, Definition 4.4.1]. Beginning with work of Hovey–Sadofsky and
Greenlees–Sadofsky, several authors generalized this result, first by replacing rational spectra by K(n)-local
spectra and then by replacing the classifying space BG with arbitrary π-finite spaces. These developments
can be summarized as follows:
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Theorem 1.1 ([HS96, GS96, HL13, CSY22]). Let X be a π-finite space and A either K(n) or T (n). Denote
by SpA the category of A-local spectra. Then for every E : X → SpA, there is a canonical equivalence

NmX : colim
X

E
≃−→ lim

X
E ∈ SpA.

This may be rephrased as saying that A-local spectra are ∞-semiadditive or that π-finite spaces are
SpA-ambidextrous.

If G is a finite group, then another possible generalization is to replace spaces by G-spaces and spectra
by genuine G-spectra. We write OrbG for the 1-category of transitive G-sets and SpG for the category
of genuine G-spectra. In stable equivariant homotopy theory, each subgroup H ≤ G induces a restriction
functor ResGH : SpG → SpH from genuine G-spectra to genuine H-spectra. The restriction admits a left and
a right adjoint IndGH and CoIndGH , respectively.

Theorem 1.2 (Wirthmüller isomorphism [Wir74]). There is a canonical equivalence

IndGH
≃−→ CoIndGH .

This is the equivariant analogue of the fact that finite coproducts and products coincide in additive
categories. There are several generalizations of this statement, e.g., to compact Lie groups [Cno26] or global
homotopy theory [Len25, CLL25b]. To extend the result of Wirthmüller from G-orbits to G-spaces, one
needs methods from parametrized homotopy theory. Cnossen–Lenz–Linskens [CLL25a] extended Hopkins
and Lurie’s [HL13] notion of ambidexterity to categories internal to a topos.

Main results. Let G be a finite group. A G-category is a limit-preserving functor C : SpcopG → Cat∞.
The principal examples for this paper are the G-category SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG of genuine G-spectra, which informally sends
an orbit G/H to the category of genuine H-spectra SpH , and its rationalization. Within the theory of
G-categories there are natural notions of G-(co)limits, i.e., (co)limits indexed by G-categories.

This naturally raises the question: For which G-spaces and G-categories do these G-limits and G-colimits
coincide?
Wirthmüller answered this question for SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG and G-orbits. The main goal of the present paper is to answer
this question for the G-category SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q of genuine rational G-spectra.

Theorem A (Theorem 5.2). Let G be a finite group and let Q be the wide subcategory of SpcG consisting of
all the truncated morphisms whose fibers have π-finite fixed points. Then the G-category of rational genuine
G-spectra, denoted by SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q, is Q-semiadditive.

More precisely, let (f : X → Y) ∈ Q. Then the restriction f∗ : SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(Y) → SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(X ) admits a left and a
right adjoint f! and f∗, respectively, and the associated norm map

Nmf : f! → f∗

is an equivalence, and the same statement holds after every base change of f .

One can think of the class Q as the G-analogue of π-finite spaces. Moreover, if f : X → G/G is a
morphism in Q and E : XXXXXXXXXXXXXXXXX → SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q is a diagram of G-categories, then Theorem A recovers the analogue of
the formula of Theorem 1.1:

NmX : colim
X

E
≃−→ lim

X
E ∈ SpG,Q.

For example, if X = G/H, then E is a rational genuine H-spectrum and NmG/H : IndGH E
≃−→ CoIndGH E

recovers the Wirthmüller isomorphism.
In the course of proving this theorem, we will rely on a reduction to fibers.

Theorem B (Corollary 4.4). Let (f : X → Y) ∈ Q be a map of G-spaces such that the norm Nmf exists.
For every subgroup H ≤ G denote points by pH : G/H → Y. Write fpH

: FpH
→ G/H for the pullback of f

along pH . If the norm map
NmfpH

: fpH ,! → fpH ,∗

is an equivalence for each fpH
, then the norm

Nmf : f! → f∗

is an equivalence.
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This is an immediate corollary of the next result, which is of independent interest.

Theorem C (Theorem 4.3). Let G be a finite group and (f : X → Y) ∈ Q. Then f is SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q-ambidextrous
if and only if for every subgroup H ≤ G and every point pH : G/H → Y, the pullback of f along pH is
SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q-ambidextrous.

In the case of spaces, the classifying spaces of finite groups give a large class of examples of π-finite
spaces. There is an analogue for G-spaces as well.

Example D. For compact Lie groups G and H, Lashof [Las82], Lashof–May [LM86] and many others
developed the theory of G-equivariant H-principal bundles. These admit a universal principal (G,H)-bundle
with base G-space BG(H).

Let us now assume that both G and H are finite. Then for K ≤ G, there is an equivalence

BG(H)K ≃
∐
[Λ]

B(H ∩NG×HΛ),

where [Λ] denotes the H-conjugacy classes of subgroups Λ ≤ G × H such that Λ ∩ H = e and q(Λ) = K
for the quotient map q : G × H → G. This is [LM86, Theorem 10]. Therefore, the map BG(H) → ∗ is
SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q-ambidextrous by Theorem A.

Proof strategy. The usual strategy to prove statements about ambidexterity of maps is to use induction
on the truncation level of these maps. Let (f : X → Y) ∈ Q be a map of G-spaces. We wish to show
that this map is SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q-ambidextrous. To do so, we show that for any base change f ′ : X ′ → Y ′ of f the
norm Nmf ′ is an equivalence. By Theorem C, this reduces to a statement about fibers, similarly as in the
proof of Hopkins–Lurie [HL13, Proposition 4.3.5]. That is, it will be enough to show that for all subgroups
H ≤ G, the norm of the pullback of f along any point G/H → Y ′ is an equivalence. In fact, it is enough
to prove it for the pullback of f along G/G → Y ′. The precise statements are spelled out in Proposition 4.5
and Lemma 5.1.

A general method in stable equivariant homotopy theory is to apply geometric fixed points ΦG and use
that the family {ΦH}H≤G is jointly conservative. This lets us exploit results from classical stable homotopy
theory. Here it will be crucial to work rationally, as we need to commute the geometric fixed points functor
with limits. This does not hold integrally. Utilizing this we show that the norm for any map X → ∗ in Q is
an equivalence.

Remark 1.3. Rationality enters the proof of Lemma 5.1 at two points. First, the morphism ΦGf∗ → fG
∗ ΦG

is an equivalence, since rationally geometric fixed points preserve G-limits, see Lemma 2.16. This follows by
the splitting of SpG,Q, where finiteness of G is required. Second, the nonequivariant norm map associated to

fG : XG → ∗ is an equivalence since rational spectra are ∞-semiadditive by [HL13, Theorem 5.2.1]

Outline. Section 2 contains the relevant background material.
In Section 2.1, we review the notion of G-categories and recall the most common examples of G-spaces

and G-spectra. Section 2.2 reviews the constructions of the parametrized and non-parametrized geometric
fixed points functors. Moreover, it establishes that, rationally, both versions commute with the appropriate
limits. Section 2.3 contains the setup of [HL13, CLL25a] for ambidexterity in the setting of G-categories.

In Section 3, we verify that our chosen class of morphisms of G-spaces satisfies the conditions of the
preceding section.

Section 4 proves the reductions to fibers, namely Theorems B and C.
In Section 5 we prove the main result, Theorem A.

Notation. This paper is written in the language of ∞-categories, as developed by, for example, [Lur09,
Lur17]. We will write category for ∞-category and topos for ∞-topos. A space is an object of the category
Spc of spaces/homotopy types/∞-groupoids/anima. For an arbitrary finite group G, a G-space means an
object in the topos SpcG. Here is a table of some of the notation that we use.
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notation meaning reference/definition
G some finite group
Cat∞ (very large) category of categories
OrbG orbit category of G
SpcG category of G-spaces P(OrbG)
XH H-fixed points of a G-space X (G/H)
SpG genuine G-spectra/spectral Mackey functors Fun×(Span(FinG),Sp)
SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG G-category of genuine G-spectra Example 2.9
SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q G-category of rational genuine G-spectra Example 2.10
Φ parametrized geometric fixed points functor Construction 2.14
Q Definition 3.1

Acknowledgments. I thank Tom Bachmann, Julie Bannwart, Kaif Hilman, Dominik Kirstein, Klaus
Mattis, Luca Passolunghi and Timo Weiß for very helpful discussions. Furthermore, I thank Tom Bachmann
and Klaus Mattis for reading a draft of this paper.

The author acknowledges funding by the Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation) through the Collaborative Research Centre TRR 326 ‘Geometry and Arithmetic of Uniformized
Structures’, project number 444845124.

2 Preliminaries

In this section, we recall the background material needed for the proof of the main theorem. In Section 2.1
we review G-categories and some examples such as G-spaces and genuine G-spectra. Section 2.2 recalls
(parametrized) geometric fixed points. In Section 2.3 we review ambidexterity and semiadditivity.

2.1 G-Categories

The variant of ambidexterity used in this paper can most conveniently be phrased in terms of G-categories,
a special case of parametrized category theory. These notions were first developed for presheaf topoi by
[BDG+16a, BDG+16b, Nar16, Sha23] and were later generalized to category theory internal to a topos by
[Mar21, Mar22, MW24, MW25].

Definition 2.1. 1. Let T be a small category. By a T -category we mean a functor C : T op → Cat∞. We
write CatT for the (very large) category of T -categories.

2. Let B be a topos. Then we define a B-category to be a limit-preserving functor C : Bop → Cat∞. We
write Cat(B) for the (very large) category of B-categories.

Remark 2.2. For a presheaf topos P(T ), the Yoneda embedding induces an equivalence Cat(P(T ))
≃−→ CatT .

In particular, if G is a finite group, we will write CatG for CatOrbG
≃ Cat(SpcG) and refer to its objects as

G-categories.

Definition 2.3 (Q-colimits). Let Q be a class of morphisms in SpcG closed under base change. A G-category
C : SpcopG → Cat∞ is called Q-cocomplete if

1. For every q : X → Y in Q, the functor q∗ : C(Y) → C(X ) admits a left adjoint q! : C(X ) → C(Y).

2. For every pullback square

X ′ X

Y ′ Y

g

q′
⌟ q

f
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in SpcG with q ∈ Q, the Beck-Chevalley transformation BC! : q
′
!g

∗ → f∗q! : C(X ) → C(Y ′) is an
equivalence.

Dually, one may define what it means for C to be Q-complete.

Definition 2.4. A G-category C : SpcopG → Cat∞ is called G-presentable if it factors through PrL and is
SpcG-cocomplete.

This is the most convenient definition for our purposes. There are many equivalent versions, see [MW25,
Theorem 2.4.2.5].

Definition 2.5. A functor F : C → D of G-presentable G-categories preserves G-colimits if

1. For any X ∈ SpcG, the map F (X ) : C(X ) → D(X ) preserves colimits.

2. For any map f : X → Y in SpcG the Beck-Chevalley transformation BC! : f!F (X ) → F (Y)f! is an
equivalence.

If C is G-presentable, then the restriction f∗ : C(Y) → C(X ) admits a right adjoint f∗. In this situation
the definition of F preserving G-limits is dual to Definition 2.5.

Notation 2.6. We write PrLG for the (non-full) subcategory of CatG spanned by the G-presentable G-
categories and the G-colimit-preserving functors.

We now recall several examples of (G-presentable) G-categories.

Example 2.7. Let X ∈ SpcG. Then this defines a G-category XXXXXXXXXXXXXXXXX via the Yoneda embedding

XXXXXXXXXXXXXXXXX := homSpcG(−,X ) : SpcopG → Spc → Cat∞.

Example 2.8. Recall that the target functor Spc∆
1

G → SpcG is a cartesian fibration and hence, by [Lur09,
Theorem 6.1.3.9], is classified by a limit preserving functor SpcopG → PrL sending an object X to (SpcG)/X
and a morphism (f : X → Y) to the pullback functor (f∗ : (SpcG)/Y → (SpcG)/X ). We denote this G-
presentable G-category by SpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcG. See [Cno26, Definitions 2.11 and 4.2] and [Sha23] for more details.

Recall from [Cno26, Corollary 2.17] and the preceding discussion, that there is a fully faithful functor

−⊗SpcG
SpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcG : CAlgSpcG(PrL) → CAlg(PrLG)

which sends a commutative SpcG-algebra D in PrL to a G-presentable symmetric monoidal G-category
D ⊗SpcG

SpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcG. On an object X ∈ SpcG, this is given by the relative tensor product D ⊗SpcG (SpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcG)/X in
PrL.

Example 2.9. Since SpG is a presentably symmetric monoidal category equipped with a symmetric monoidal
left adjoint from SpcG, it is a commutative SpcG-algebra in PrL. Therefore, we define the G-presentably
symmetric monoidal G-category of genuine G-spectra as SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG := SpG⊗SpcG

SpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcG. The value on an orbit G/H
is given by SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG(G/H) = SpH . Note that, as in the non-parametrized case, there is a suspension functor
Σ∞

+ : SpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcG → SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG. For further details, see also [Cno26, Definition 4.2].

Example 2.10. Let us denote by SpG,Q the rationalization of genuine G-spectra, i.e., the Bousfield local-

ization of SpG at 1G ⊗ Q. The category SpG,Q is still an object in CAlgSpcG(PrL), hence we define the
G-presentably symmetric monoidal G-category of rational G-spectra as

SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q := SpG,Q ⊗SpcG
SpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcSpcG.

Example 2.11. Martini [Mar21, Proposition 3.2.11] showed that CatG is cartesian closed. We consequently
denote its internal hom by FunFunFunFunFunFunFunFunFunFunFunFunFunFunFunFunFunG(C,D) and its underlying category by FunG(C,D) := Γ(FunFunFunFunFunFunFunFunFunFunFunFunFunFunFunFunFunG(C,D)), that
is, by evaluating it at the terminal orbit G/G.

For X ∈ SpcG and C ∈ CatG, there is an equivalence FunG(XXXXXXXXXXXXXXXXX , C) ≃ C(X ), see [CLL25b, Corollary 2.2.8].

We write SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSp
XXXXXXXXXXXXXXXXX
G := FunFunFunFunFunFunFunFunFunFunFunFunFunFunFunFunFunG(XXXXXXXXXXXXXXXXX ,SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG) for the equivariant local systems on XXXXXXXXXXXXXXXXX .
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2.2 Geometric fixed points

In equivariant stable homotopy theory there are many types of fixed points each of which has its own advan-
tages and disadvantages. Geometric fixed points are useful for detecting equivalences, since the collection
of geometric fixed points functor for all subgroups is jointly conservative. In this section we revisit their
classical definition on genuine G-spectra and their parametrized definition. Moreover, we prove that the
parametrized geometric fixed points on the G-category of rational G-spectra preserve G-limits.

Remark 2.12. The geometric fixed points functor can be constructed via the symmetric monoidal composition

ΦG : SpG → SpG/Sp
P
G

≃−→ Sp

where SpPG is the localizing subcategory of SpG generated by the orbits Σ∞
+ G/H of proper subgroups H < G.

Here, the first map is a localization and the second is an equivalence. The other properties we will need are
that ΦG is a left adjoint functor and there is a symmetric monoidal equivalence ΦG ◦ Σ∞ ≃ Σ∞ ◦ (−)G. If

H ≤ G is a subgroup, then ΦH is defined as the composite SpG
ResGH−−−→ SpH

ΦH

−−→ Sp.

Lemma 2.13. Let us denote the rationalization functor by LQ. Then ΦGLQ ≃ LQΦ
G.

Proof. Both Sp and SpG are presentable additive categories, by [HHR16, Corollary B.23] and [GGN15,
Proposition 2.8]. The geometric fixed points functor is exact and a left adjoint. We conclude the proof with
[Mat26, Corollary 2.7].

Construction 2.14. Hilman–Kirstein–Kremer construct a parametrized version of geometric fixed points.
Let us recall their construction in the special case where P is the family of proper subgroups of G, so that
Pc = {G}.

If s : ∗ ≃ OrbPc → OrbopG is the inclusion of the orbit G/G, then there is an induced adjunction

s̃∗ : PrL,st
G ⇄ PrL,st

G,Pc : s∗

which is a smashing localization, where the left adjoint s̃∗ is symmetric monoidal and the right adjoint s∗ is
fully faithful. See [HKK24, Theorem 2.2.26] for a more detailed statement.

Then the parametrized geometric fixed point functor is defined as the unit map

Φ := ΦG : SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG → s∗s̃
∗SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG ≃ SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpΦP̃

G .

This is constructed in [HKK24, Construction 2.2.31, Example 4.2.1]. Note that Φ preserves G-colimits
by construction, and that it is possible to construct ΦH for the G-category of G-spectra similarly to the
non-parametrized version. Moreover, the functor of G-categories ΦH recovers the classical functor ΦH after
taking global sections.

Lemma 2.15. Let H ≤ G be a subgroup. The functor ΦH : SpG,Q → SpQ preserves limits.

Proof. Since restriction is right adjoint to induction, it preserves limits. Therefore, it is enough to show that
ΦG preserves them. Rationally, the geometric fixed points witness the splitting

SpG,Q ≃
∏
H≤G

Fun(BWGH, SpQ)

[Wim19, Theorem 3.10] (for R = Q and F the full family of subgroups of G). In particular, ΦG identifies with
the projection

∏
H≤G Fun(BWGH, SpQ) → Fun(BWGG,SpQ) ≃ SpQ. Hence, as a projection it preserves

limits [Lur18, Tag 069N].

Lemma 2.16. The functor Φ: SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q → SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpΦP̃
G,Q preserves G-limits.

Proof. Note that source and target are G-stable1 G-presentable G-categories, hence Φ preserves finite G-
limits as it preserves all G-colimits by construction. By the dual version of [MW24, Proposition 4.7.1], it is
enough to show that Φ preserves finite G-limits and fiberwise limits. The latter follows from Lemma 2.15.

1A G-presentable category is called G-stable if it is a module over the idempotent algebra SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG ∈ CAlg(PrLG), see [HKK24,
Definition A.0.4].
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2.3 Ambidexterity and semiadditivity

The terminology of ambidexterity for categories was first introduced by Hopkins and Lurie in [HL13, Con-
struction 4.1.8]. It was later refined to B-categories by [Nar16, CLL25a]. In this section we review the
definition of ambidexterity in the language of the latter.

Definition 2.17 (Inductible subcategory, [CLL25a, Definition 3.1]). Let A be a category and let Q ⊂ A be
a wide subcategory closed under base change. The subcategory Q is called inductible if

1. Q is closed under diagonals: if q : A → B in Q, then ∆q : A → A×B A in Q.

2. Q is truncated: every q : A → B in Q is truncated, i.e., n-truncated for some integer n.

Definition 2.18 (Locally inductible, [CLL25a, Definition 3.9]). Let B be a topos and let Q ⊂ B be a wide
local (in the sense of [Lur09, Proposition 6.2.3.14]) subcategory. The subcategory Q is locally inductible if

1. Q is closed under diagonals.

2. Every morphism q : A → B in Q is locally truncated: there exists a covering (Bi → B)i∈I such that
each base change qi : Bi ×B A → Bi is truncated.

Example 2.19 (π-finite spaces). We denote the class of π-finite spaces by Spcπ ⊂ Spc, see [HL13, Definition
4.4.1]. A map f : X → Y of spaces is locally in Spcπ if for each point y : ∗ → Y the fiber Xy over y is π-finite.
Note that this coincides with the definition of [CLL25a, Construction 3.26].

Indeed, let f : X → Y be a map of spaces locally in Spcπ and B a π-finite space with a map g : B → Y .
Then for a point b : ∗ → B the fiber (X ×Y B)b agrees with the fiber Xg(b) by pasting the pullbacks (e.g.,
[Lur18, Tag 03FZ])

(X ×Y B)b ∗

X ×Y B B

X Y .

⌟ b

⌟ g

f

In particular, the space (X ×Y B)b is π-finite. It follows that X ×Y B is π-finite since Spcπ is closed under
extensions; see, for example, [Ane25, Proposition 2.2.3].

The morphisms locally in Spcπ determine a wide subcategory (Spcπ)loc of Spc. Moreover, (Spcπ)loc is
locally inductible by combining [CLL25a, Example 3.32 and Lemma 3.28].

Definition 2.20 (C-ambidexterity). Let A be a category andQ an inductible subcategory of A. Assume that
C : Aop → Cat∞ is Q-cocomplete. One inductively defines when an n-truncated morphism (f : A → B) ∈ Q
is n-ambidextrous with respect to C. Then one may construct a morphism µ

(n)
f : idC(B) → f!f

∗ which
exhibits f! as right adjoint to f∗.

For n = −2 we declare that any (−2)-truncated morphism in Q is n-ambidextrous. In this case f , and

hence the counit f!f
∗ → idC(B) is an equivalence and one defines µ

(−2)
f : idC(B) → f!f

∗ as its inverse.
Assume now that the collection of n-truncated n-ambidextrous morphisms is defined for some n ≥ −2 as

well as the morphisms µ
(n)
f .

An (n+ 1)-truncated morphism (f : A → B) ∈ Q is called weakly (n+ 1)-ambidextrous with respect to C
if the diagonal ∆f : A → A×B A is n-ambidextrous with respect to C. Using the diagram

A

A×B A A

A B

∆

idA

idA

pr1

pr2 f

f
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we define the so-called adjoint norm map Ñm: f∗f! → idC(A) as the composition

Ñm: f∗f!
BC−1

!−−−−→ pr1!pr
∗
2

µ
(n)
∆−−−→ pr1!∆!∆

∗pr∗2 ≃ idC(A) .

A (n + 1)-truncated morphism (f : A → B) ∈ Q is called (n + 1)-ambidextrous with respect to C if every
base change f ′ of f is weakly (n + 1)-ambidextrous with respect to C and the corresponding adjoint norm

map witnesses f ′
! as right adjoint of f ′∗. Then µ

(n+1)
f : idC(B) → f!f

∗ denotes a corresponding unit for the
resulting adjunction f∗ ⊣ f!.

Definition 2.21. If (f : A → B) ∈ Q is (weakly) n-ambidextrous for some n with respect to C, we will also
say that f is (weakly) C-ambidextrous.

Remark 2.22 (Norm map, [HL13, Remark 4.1.12]). If (f : A → B) ∈ Q is a weakly C-ambidextrous map, and

f∗ : C(B) → C(A) admits a right adjoint f∗, then the adjoint norm map Ñmf : f
∗f! → idC(A) corresponds to

a natural transformation Nmf : f! → f∗. This morphism is called the norm map associated to f . Then f is
C-ambidextrous if and only if for each base change f ′ the restriction functor f ′∗ admits a right adjoint f ′

∗
and the associated norm map Nmf ′ is an equivalence.

Definition 2.23 (Q-semiadditivity, [CLL25a, Definition 3.10]). Let B be a topos with a locally inductible
subcategory Q. Then a B-category C is Q-semiadditive if it admits Q-colimits and if every truncated map
in Q is C-ambidextrous.

3 The class of equivariant π-finite morphisms

In this section we define an equivariant analogue of the class (Spcπ)loc of morphisms whose fibers are π-finite
spaces. Furthermore, we show that the resulting class of morphisms is a locally inductible subcategory of
SpcG.

Definition 3.1. From now on we denote by Q the following wide subcategory of SpcG. A morphism
f : X → Y of G-spaces is in Q if the following hold:

1. f is truncated.

2. For every subgroup H ≤ G and every point y : ∗ → YH , the fiber Fy of fH : XH → YH is a π-finite
space.

Remark 3.2. 1. Definition 3.1 can alternatively be phrased as follows: a map f : X → Y of G-spaces is in
Q if for all subgroups H ≤ G the map fH : XH → YH of spaces is in (Spcπ)loc.

2. Note that the second condition of Definition 3.1 can equivalently be phrased as follows: for every
subgroup H,K ≤ G, and points pK : G/K → Y, all the H-fixed points of the pullback

FpK
G/K

X Y

⌟ pK

f

are π-finite.

Proposition 3.3. The subcategory Q ⊂ SpcG of Definition 3.1 is locally inductible.

Proof. Let X ∈ SpcG. The identity id : X → X is an equivalence and is therefore (−2)-truncated. Moreover,
for all points pK : G/K → X the pullback of id along pK is equivalent to G/K, which has π-finite H-fixed
points. Let f : X → Y and g : Y → Z be two composable morphisms in Q. Then their composition is
truncated by [Lur09, Example 5.2.8.16 and Proposition 5.2.8.6(3)]. Checking that the fixed points of the
fibers of the composition g◦f are π-finite reduces to showing that π-finite spaces are closed under extensions.
This follows, for example, from [Ane25, Proposition 2.2.3]. Hence, Q is a wide subcategory of SpcG.

Showing that Q is local, truncated, closed under base change and diagonals can be done after taking
H-fixed points since all these operations commute with (−)H , see [Lur09, Proposition 5.1.2.3]. Then the
claim follows from Example 2.19.
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4 A fiberwise criterion for ambidexterity

In their proof that K(n)-local spectra are ∞-semiadditive, Hopkins and Lurie show that ambidexterity of a
map of spaces can be checked on its fibers [HL13, Proposition 4.3.5]. The goal of this section is to show an
analogous result for maps of G-spaces.

Lemma 4.1. Let X be a G-space. For each subgroup H ≤ G, denote points of X by pH : G/H → X . Then
the family of projections

{p∗H : SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG(X ) → SpH}
G/H

pH−−→X

is jointly conservative.

Proof. Since SpcG is a presheaf topos, [Lur09, Lemma 5.1.5.3] provides an equivalence

X ≃ colim
(G/H

pH−−→X )∈(OrbG)/X

G/H.

Hence, it follows that
SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG(X ) ≃ lim

(G/H
pH−−→X )∈(OrbG)/X

SpH .

This concludes the proof since projections out of a limit are jointly conservative by combining [Lur09,
Corollaries 3.3.3.2 and 5.2.8.18].

Lemma 4.2. Let f : X → Y be a map of G-spaces. Moreover, for a subgroup H ≤ G let pH : G/H → Y be
a point and

FpH
G/H

X Y

fpH

gpH
⌟ pH

f

a pullback diagram. The diagonals of f and fpH
induce a family of functors

{GpH
: SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG(X ×Y X ) → SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG(FpH

×G/H FpH
)}

G/H
pH−−→Y

which is jointly conservative.

Proof. We may view ∆f : X → X ×Y X as a morphism in (SpcG)/Y if one remembers f : X → Y and
f ◦ pr: X ×Y X → Y, similarly for ∆fpH

: FpH
→ FpH

×G/H FpH
. This yields a commutative diagram

FH X

FH ×G/H FH X ×Y X

G/H Y.

gpH

∆fpH

fpH

∆f

f

pH

(1)

It follows from [Lur09, Lemma 5.1.5.3] that

Y ≃ colim
(G/H

pH−−→Y)∈(OrbG)/Y

G/H ∈ SpcG.

Together with [Lur09, Proposition 1.2.13.8], this gives

idY ≃ colim
(G/H

pH−−→Y)∈(OrbG)/Y

(G/H
pH−−→ Y) ∈ (SpcG)/Y .
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Applying the pullback functor f∗ : (SpcG)/Y → (SpcG)/X gives

f∗(idY) ≃ colim
(G/H

pH−−→Y)∈(OrbG)/Y

f∗(G/H
pH−−→ Y) ≃ colim

(G/H
pH−−→Y)∈(OrbG)/Y

(FpH

gpH−−→ X ) ∈ (SpcG)/X

since colimits in topoi are universal by [Lur09, Proposition 6.1.3.10]. In particular,

X ≃ colim
(G/H

pH−−→Y)∈(OrbG)/Y

FpH
and SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG(X ) ≃ lim

(G/H
pH−−→Y)∈(OrbG)/Y

SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG(FpH
).

It follows that X ×Y X ≃ colim
(G/H

pH−−→Y)∈(OrbG)/Y
(FpH

×G/H FpH
), using that colimits are universal.

Hence, SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG(X ×Y X ) ≃ lim
(G/H

pH−−→Y)∈(OrbG)/Y
SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG(FpH

×G/H FpH
). Under this equivalence, the functors

GpH
are precisely the projection functors. They are therefore jointly conservative by the same argument as

in Lemma 4.1.

Theorem 4.3. Let f : X → Y ∈ Q. Then f is (weakly) n-ambidextrous with respect to SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q if and only
if for every subgroup H ≤ G and every point pH : G/H → Y, the pullback fpH

: FpH
→ G/H is (weakly)

n-ambidextrous with respect to SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q.

Proof. The ”only if”-direction is immediate from the definition.
We prove the ”if”-direction by induction on n. Let n = −2. Then f is an equivalence and there is

nothing to prove. Let n ≥ −2 and assume that the statement holds for n-truncated maps. We first show
the claim for weakly ambidextrous morphisms. Assume that, for every subgroup H ≤ G and every point
pH : G/H → Y, the morphisms fpH

: FpH
→ G/H are weakly (n+ 1)-ambidextrous. We need to show that

the diagonal ∆f : X → X ×Y X is n-ambidextrous. Applying SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(−) to the top square of Diagram (1)
yields a commutative diagram

SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(FpH
) SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(X )

SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(FpH
×G/H FpH

) SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(X ×Y X ).

∆∗
fpH

∆∗
f

Both ∆∗
fpH

and ∆∗
f have a left and a right adjoint (since SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q is G-presentable), and the usual Beck-

Chevalley transformations, see e.g., [HL13, §4.1], yield commutative diagrams

SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(FpH
) SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(X ) SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(FpH

) SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(X )

SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(FpH
×G/H FpH

) SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(X ×Y X ) SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(FpH
×G/H FpH

) SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(X ×Y X ).

∆fpH
,! ∆f,! ∆fpH

,∗ ∆f,∗

By the induction hypothesis, ∆f is weakly n-ambidextrous. This gives the norm map Nm∆f
: ∆f,! → ∆f,∗.

But this is an equivalence on objects by the commutativity of the above diagrams, the assumption that all
∆fpH

are n-ambidextrous, and Lemma 4.2.
Assume that for all subgroups H ≤ G and points pH : G/H → Y, the morphisms fpH

: FpH
→ G/H are

(n+ 1)-ambidextrous with respect to SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q. Consider the diagram

SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(FpH
) SpH,Q

SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(X ) SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(Y),

f∗
pH

f∗

p∗
H

obtained by applying SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q to the pullback square

FpH
G/H

X Y.

fpH

⌟ pH

f
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The same reasoning as for the first part (using Lemma 4.1 instead of Lemma 4.2) yields the claim.

Corollary 4.4. Let (f : X → Y) ∈ Q be a weakly SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q-ambidextrous map of G-spaces. For every subgroup
H ≤ G let pH : G/H → Y be a point of Y. Denote the pullback of f along pH by fpH

: FpH
→ G/H. If the

norm map
NmfpH

: fpH ,! → fpH ,∗

is an equivalence for each fpH
, then the norm of f

Nmf : f! → f∗

is an equivalence.

Proof. This is immediate from the second part of the proof of Theorem 4.3.

Proposition 4.5. Let H ≤ G be a subgroup and (f : X → G/H) ∈ QG a weakly SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q-ambidextrous map

of G-spaces. Moreover, let f̃ : XH → H/H be the morphism of H-spaces corresponding to f under the
equivalence (SpcG)/(G/H) ≃ SpcH . Assume that f̃ is weakly SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpH,Q-ambidextrous. Then the norm map

Nmf : f! → f∗ : SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(X ) → SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(G/H) ≃ SpH,Q

is an equivalence if and only if the norm map

Nmf̃ : f̃! → f̃∗ : SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpH,Q(XH) → SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpH,Q(H/H) ≃ SpH,Q

is an equivalence.

Proof. The equivalence (SpcG)/(G/H) ≃ SpcH ≃ (SpcH)/∗ is induced by taking the fiber over eH. Under

this equivalence f gets sent to f̃ : XH → H/H, where XH denotes the pullback of f along the point eH.
Since this equivalence of topoi induces an equivalence Cat(SpcH) ≃ Cat((SpcG)/(G/H)), [CLL25b, Lemma
2.1.18] implies that Nmf is an equivalence if and only if Nmf̃ is an equivalence.

5 Equivariant semiadditivity of rational G-spectra

We now prove that the G-category of rational genuine G-spectra is Q-semiadditive. First, we show that the
norm of any map X → ∗ in Q is an equivalence. This case combined with the results of Section 4 will be
the main tools for the proof of Theorem 5.2.

Lemma 5.1. Let (f : X → ∗) ∈ Q be a weakly SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q-ambidextrous map. Then the norm map

Nmf : f! → f∗ : SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(X ) → SpG,Q

is an equivalence.

Proof. Since the family {ΦH}H≤G of geometric fixed points is jointly conservative, it suffices to show that
for each H ≤ G the map

ΦHNmf : Φ
Hf! → ΦHf∗ : SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(X ) → SpQ

is an equivalence. Note that ΦH preserves rationality by Lemma 2.13. For H ≤ G, restriction to H preserves
G-limits and G-colimits and, by [CLL25a, Proposition 3.7(2)], carries the norm map Nmf to the norm map

of the underlying map ResGH X → ∗ of H-spaces. Since ΦH = ΦH ◦ ResGH , it suffices to do the argument
below for the top group G. From [CLL25a, Proposition 3.7(2)] we obtain a commutative diagram

fG
! ΦG fG

∗ ΦG

ΦGf! ΦGf∗.

NmfG

BC!

ΦGNmf

BC∗ (2)

The left vertical morphism is an equivalence by construction and using the description of [HKK24, Observa-
tion 4.2.2]. The right vertical morphism is an equivalence by Lemma 2.16. The top arrow is thus the classical
norm map, which is an equivalence by [HL13, Theorem 5.2.1], since XG is a π-finite space by assumption.
In particular, ΦGNmf is an equivalence.
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Theorem 5.2. The G-category SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q : SpcopG → Cat∞ is Q-semiadditive.

Proof. We prove the claim for all finite groups simultaneously. The subcategory Q ⊂ SpcG is locally
inductible by Proposition 3.3. In order to prove that SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q is Q-semiadditive, one needs to show that SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q

is Q-cocomplete and every morphism in Q is SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q-ambidextrous. The G-category SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q is G-presentable
by Example 2.10. So it is Q-cocomplete as well.

The proof of ambidexterity is by induction on n. For n = −2, every (−2)-truncated morphism in Q was
defined to be (−2)-ambidextrous. Assume that every n-truncated morphism in Q is n-ambidextrous.

Let (f : X → Y) ∈ Q be (n + 1)-truncated. Then the diagonal ∆f : X → X ×Y X is n-truncated and
by Proposition 3.3 in Q. Therefore, it is n-ambidextrous by the induction hypothesis. It follows that f is
weakly (n+ 1)-ambidextrous, and we denote its adjoint norm map by

Ñmf : f
∗f! → idSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q(X ) .

To show that f is (n+1)-ambidextrous, we need to prove that for any base change f ′ of f the adjoint norm

map Ñmf ′ , which exists by the above, exhibits f ′
! as a right adjoint of f

′∗. Since SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q is G-presentable, every
restriction functor f ′∗ admits a right adjoint f ′

∗, and we may instead show the norm map Nmf ′ : f ′
! → f ′

∗ is
an equivalence, see [HL13, Remark 4.1.12]. Let f ′ : X ′ → Y ′ be some base change of f .

By Corollary 4.4 it suffices to show that for every subgroup H ≤ G and every point pH : G/H → Y ′ the
norm map of the pullback f ′

pH
: FpH

→ G/H is an equivalence. The case H = G follows immediately from
Lemma 5.1.

Let H < G be a proper subgroup. For each of the maps f ′
pH

: FpH
→ G/H above, we must show that

the norm Nmf ′
pH

: f ′
pH ,! → f ′

pH ,∗ is an equivalence. Under the equivalence (SpcG)/(G/H) ≃ SpcH the (n+1)-

truncated map f ′
pH

: FpH
→ G/H of G-spaces is sent to the (n + 1)-truncated map f̃ ′

pH
: (FpH

)H → H/H

of H-spaces. Moreover, f̃ ′
pH

belongs to QH ⊂ SpcH since for K ≤ H the fibers of ((FpH
)H)K → (H/H)K

are π-finite because the fibers of (f ′
pH

)K are so by assumption. In particular, the diagonal ∆f̃ ′
pH

is an

n-truncated morphism of H-spaces. By induction (for the group H), it follows that ∆f̃ ′
pH

is n-ambidextrous

with respect to the H-category SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpH,Q. Thus, f̃ ′
pH

is weakly (n + 1)-ambidextrous with respect to SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpH,Q.
Lemma 5.1 shows that the norm Nmf̃ ′

pH

is an equivalence. Finally, Proposition 4.5 then implies that the

norm Nmf ′
pH

is an equivalence.

Hence, the norm of each base change of f is an equivalence. It follows that f is (n + 1)-ambidextrous
with respect to SpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpSpG,Q.
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